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Abstract 



A realization of the Yangian double with center DY%(sl2)k of level fc(^ 0, —2) in terms of 
■ free boson fields is constructed. The screening currents are also presented, which commute with 

DY^sfa) modulo total difference. In the H— >0 limit, the currents of Yangian double DY^s^k 
becomes the Feigin-Fuchs realization of affme Lie sl(2)k, while the screening currents of Yangian 
j^. ■ double DYfr(sl2)k becomes the screening currents of the affme Lie algebra sl(2)i c - 

*t '■ 1 Introduction 

Yangians were proposed by Drinfeld as generalizations of classical loop algebra with nontrivial Hopf 
algebra structures || [7], ||. From the physics point view, they are the symmetric algebra of the 
non-local currents of massive field theories 0. Following the Faddeev-Reshetikhin-Takhtajan (FRT) 
formalism |J, as an associative algebras, Yangian can be defined through the Yang-Baxter relation 
(i.e. i?LL-relations) with the structure constants determined by the rational solutions of the quantum 
Yang-Baxter equation (QYBE). However, this is just one part of the story, for physical applications, 
such as description the dynamical symmetry of the massive integrable quantum filed theories, the 
dual modules and the infinity dimensional representations are required|I], ETL p7[ , in another words, 
the Yangian double with center is emerged naturally as the dynamical symmetry of the integrable 
massive field theories. In fact, Yangian double with center were proved to have important applications 
in certain physical problems, especially in describing the dynamical symmetries of the perturbative 
integrable massive quantum field theories, calculating the correlation functions and form factors of 
some two-dimensional exactly solvable lattice statistical model and (l+l)-dimensional completely 



integrable quantum field theories [[[], [H], HI; HH 



From the RLL viewpoint, if one regards the Reshetikhin-Semenov-Tian-Shansky realization 
(RS) ||25|| as the affine extension of Faddeev-Reshetikhin-Takhtajan formalism. Yangian double with 
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center (the central extension for the quantum double of Yangian) [Tj, 15, 17] are affine extensions of 
Yangian. Contrary to the quantum affine (corresponding to trigonometric solution of QYBE) case, 
the Yangian double with center is only recently obtained [| 



MM 



The free fields realization is a common used method in the quantum field theory. The free boson 



representations of UJs^) with an arbitrary level have been obtained in Refs. 



For the 



Yangian double with center, the free field representation of DY^s^) with level — 2) was 
constructed in [20], the level-1 and level-/c representation of DY^sIn) are obtained in [0 and [|TT|j , 
respectively. The level-/c free field representation of DY^gl^) is also given in However, all of 
these are the deformation of the Wakimoto modules, there is another kind of module-Feigin-Fucks 
module in the classical |24j] and the quantum affine case 0, H . In the case of Yangian double with 
center this kind of module is not given yet. 

In this manuscript, we consider a representation of the level-/c (7^ 0, —2) Drinfeld currents in 
terms of the three free bosonic fields (3, a and 7. In the classical limit Ti — > 0, this module becomes 
the Feigin-Fuchs representation of the affine Lie algebra s/(2)^.. So this module can be regarded as a 
deformation of the so-called Feigin-Fuchs construction of the affine Lie algebras JTO, p4 . 



The manuscript is arranged as follows. Section 2, at first, we briefly review the Drinfeld new 
realization of the Yangian 1^(5/2), then we give the defining relations of Drinfeld generators of the 
Yangian double with center DY^gl^. In section 3, the three free boson fields are introduced; and 
a free fields realization of DY^s^) are given. The free fields realization of the screening currents is 
obtained in section 4. 



2 Yangian and Yangian double with center 

Yangian is a Hopf algebra, there are three realizations of Yangian Y(g): Drinfeld realization || [7]]. 
Drinfeld new realization]^], and i?-matrix realization or FRT realization [|TJ], The isomorphism 
between the Drinfeld new realization and the f?-matrix (or FRT) realization can be established by 
using the Ding and Frenkel correspondence |§ . Here, we only give the definition of the Drinfeld new 
realization of Yangian Y(sl2), for the Yangian double T>Y(sl2) is defined in terms of quantum double 
of the Drinfeld new realization, while the Yangian double with center is the central extension of the 
Yangian double. There is the following theorem: 

Theorem 1 ^ Yangian Y(sl2) is a Hopf algebra generated by the symbols e m , f m , h m m > satis- 
fying the relations 



[hfnj h n ] 0, [Cmi fn\ ^m+ri; 

[ho, C m ] = 2e m , [ftO; fm] = —2fm, 

[^m+1 j ^n] [^mi ^n+l] ^{^nn ^n}) 
[h m +l, fn] ~ [h m , fn+l] — ~h{h m , f n }, 
\pm+Xj &n] [f-mi G n _|_i] h{e m , Cn} i 
[fm+li fn] \frni fn+l] ^{fmj fn}- 

Here % is a formal variable and {a, b} = ah + ba. 



(2.1) 



The central extension of the Yangian double [13, 17] is a Hopf algebra over C[[^]] generated by 
{e m , f m , h m , c, d\ m G Z}. The generating functions are 
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e ± {u) = ± £ e m u- m ~\ = ± £ /m^ m ~\ 

m>0 m>0 
m < m < 

^(u) = 1 ± ft ^ h m u' m ~ x , (2.2) 

m>0 
m<0 

and 

e(u) = e + (u) - e -(«), /(«) = /+(«) - /"(«), 

n+m=— 1 

satisfying the following relations. 

[d,x(u)] = -^x(u), X{u) = e(u), /(«), ^(u) 

u-v + h 

e(u)e(v) = -efinefw), 

u — v — n 

/(«)/(*) = 

it — U + n 
u — v — n 

h + (u)f(v) = U ~ V Zu +C) ~ Mh + (u), (2.3) 

= U ~ V ~ h f(v)h-(u), 
u — v + n 

[h ± (u),h ± (v)} = 0, 

h+( \ u-v + hu-v-(l + c)h + 

h + {u)h (v) = — —h {v)h + {u), 

it — v — nu — v + {I — c)n 

Hu), f(v)] = -(v + hc))h + (u) - 8{u - v)h-(v)), 



and the coproduct can be found fl3], [15 1 



3 Free bosons 

For the following usage, we first introduce a Heisenberg algebra TC generated by a n , (3 n , j n , n 6 Z 
and P a , P/3, Pj, Q a , Q@, Q 1 satisfying the commutation relations 

k k 

[An,Ai] = --m5 m+nfl , [Pff^Qfi] = -77, (3-1) 



2' 
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with k G 0,-2). The other commutators vanish identical. Denote the vacuum states with 

a, P, 7-charges I, s, t as \l; s, t) : 

\l-s,t) = e ^2 Q "-^+i^|0), 
X„|0) = 0, n>0, P x \0) = 0, 

for X — a,/3, 7, and as JF i s t the Fock space constructed on \l; s, t): 

Fl,s,t= {U a mU PnU^fr\l;S,t)} (3.2) 

with m,n,r G Z <0 . It is convenient to introduce generating functions X(u; A, B) (X = a, (3, 7) as 

X(u;A,B) = Y,—( u + A h) n -Y,—( u + Bh )~ n 

n>0 U n>0 U 

+ log(u + Bh)P x + Q x . (3.3) 

and use the notation X(u; A, A) = X(u; A) for concise. The normal ordered product : : is defined as 
moving the positive frequencies to the right of the negative ones. While the difference operator a d u f 
is defined as: 

.*/(») = /( " + °" ) " /( " ) . 

Then we have the following results: 

Proposition 1 : The currents e(u), f(u) and h ± (u) of the Heisenberg algebra TC acting on can 
be defined by 



e(u) = -^ : \e W {j2-(a n + P n )[(u-(k + l)h)- n -(u-(k + 2)h)- n }} 
u — (k + 2)h\P a +Pp 

x { u-(k + i)h) 

- exp{]T -(a_ n + P- n )[(u - (k + l)h) n -(u-(k + 2)h) n }}} 

n>0 n 

x exp{^(/3 + 7 )(«; —(k + 1), —(k + 2))} :, (3.4) 
f(u) = ^:[ew{T,^n + Pn)[(u-2h)- n -(u-hy n ]}(^^) Pa+P " 

xexp{E^[(«-2n)-«-^]}(^)^ 
xexp{~(/? + 7 )(«;-l,-2)} 

- exp{]T -(a_ n + P_ n )[(u - (k + 2)ft)~" -(«-(*; + 3)^)""]} 



n >o n 
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exp{-^(/? + 7 )(u; -1, — (fc + 2))}] :, (3.5) 
h+(u) = exp{^[(« - (fc + 2)fe)~" - (ti - - k + h 2)h f (3.6) 

/T(u) = exp{^^-(/3-n + 7 _ n )[(n-(A; + l)n)"-(n-^ 

n>0 Uli 
X 

n 



exp{- £ -(a_ n + /3_ n )[(n - + 3)ft) n - (« - (k + l)ft)' 

n>0 n 

x ex p{£ 7^^_ n [(n - ( fc + 3 )*) B - ( w - 1R ) B l} ( 3 - 7 ) 



n>0 



and d operator by 



in which 



2 2 2 

-d a — jdfi + ydry, (3.1 



k + 2 " k p ' fc 



nt=Z >0 

dp = P-lP/3 + £ P-n-lfin, 

nez >0 

d 1 = 7_i-P 7 + J! 7-n-l7n- 
And the following results are straightforward: 

Theorem 2 By analytic continuation, the Heisenberg algebra Ti of the currents e(u),f(u) h^iu) 
and the operator d are homomorphism ( \2.3( ) with c = k on T\ )S ,t- 

So we can denote the Heisenberg algebra Ti generated by the currents e(u), f(u), h^iu) and d on 
F l>Sjt as VY(sl 2 ). 

In the classical limit Ti — > 0, the currents e(u), f(u), /i ± (n) tend to the Feigin-Fucks construction 
of the level- currents for the affme Lie algebra sW- 



e 0) (y ^y^^iO) + J |^> 2 (n)exp{w|(z</> 2 (n) - O («)}, 



k 

i(/, + (n)-^(n))^-^o(«), 

where (j)i(u)(j)j(v) = Sij ln(n — i>), and the operator ti is L_i of Virasoro algebra. 
It is easy to show 
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[x(u),P p + P^}=0, x (u) = e(u), /(«), h±{u). 



so in the following, we restrict the Fock space Ti )8 ^ to the s = — t sector without loss of generality, 
on this sector the currents e(u), f(u) and /i ± (m) are single valued so that the expansion such as (|2.2| ) 
makes sense. 



4 Screening currents 

In this section, we construct two screening currents of the algebra W(sy. In the classical limit 
h — > 0, they become the screening currents of the affine Lie algebra sl(2)k. Let us next consider the 
following operators. 



£0) = S + (u)-\ S + (u) =: exp{(a + —(k + 2))} : 

We have 

au)s+(v) = -s+(v)au) ~ — . (4.i) 

"U — V 

Here ~ means that the relation is equivalent up to modulo regular terms. The fields £(it) and S + (u) 
are single valued on J-i )S>s s E Z. From (|4.1|) , the zero-modes £o = / ^tu^( u ) an d Q + = § 2l^ + { u ) 
anticommute {£ 0) Q + } = 0. Note also £q = = Q 2 + . In addition, the following equations hold in the 
sense of analytic continuation. 



Proposition 2 



h^ujS+fr) = 5+(u)/i ± (M) ~ 0, 
f(u)S + (v) = -S + (v)f{u)~0, 
e(u)S + (v) = -S + (v)e(u) 



J1 d -( — "~tt ex P{r(/^ + t)(«; + 2), — (fc + 3))} 

K u — v + a k 
x exp{(a + p)(u; —(k + 2), —(k + 3))} 



Therefore the zero-mode rjQ commutes with the action of T>Y{sl2). So the current S + (u) is the 
screening operator of DY^sl-i). we then restrict the Fock space Fi >ss to the kernel of _0, and hence 
arrive at the deformation of the Feigin-Fuchs modules 

Ti = Ker(Q + : ^, S)S -> ^ jS , s+ i). (4.2) 

For the level— A; U q (sl2), the g— deformation of the Feigin-Fuchs modules were obtained in |2|, |j. 
Next we consider another screening operator defined by 

S(u) [L , M] = \ : [exp{|:iK + /3 n )[( M -?l)--^]}(^) P ^ 
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exp{^ -(a_„ + /?_„)[(« - ft) 

n>0 n 

2 2 

x ex P{- E {k + 2 ) n a - n{u ~ 



n>0 
L 



x(, - apt"***) nC " (2 \?J )n ) in+Fl > 

iiV u-(k + 2)lh > 



1=1 
L 2 



x exp{]T J2 r (P n + 7n)[(« - (* + 2)Z»)-» 



-(u-(2 + (A: + 2)/)ft)- n ]} 



M 



-j-j- /u - (2 + (fc + 2)m)h\ P a +Pp+P y 
X i = H u-(k + 2)mh ) 



M | 

x exp{ £ E -K + Pn + 7n)[(« - (fc + 2)m/i)~ n 

-(u- (2 + (A; + 2)m)ft)- n ]} : (4.3) 



m=Ori>0 72 



with L, M £ Z >0 . 

The following results are based on the direct calculation: 



Proposition 3 



h + (u)S(v)[ Lt M ] = S(v)[l, M]h + (u) ~ 0, 
e(u)S(v)[ Li M ] = S(v) [Li M \e{u) ~ 0, 
S(u)[ Li M ]S + (v) = S + (v)S(u) [Lj M ] 

'i ® v \ u _ ~ _|_ ^ _|_ ex ^ 

{(a + P){v;-(k + 3), -(* + 2))} 

x<xp {-|: o otT2^ a -» w "} e " li5 ' 5 ° 

x(.-»)l«^ft( J^±^ )K^ 

x exp{£ 2 + 7 " )[( ^ " (_1 + {k + 2)l)h) ~ n 

1=1 n>0 Kn 

-{v-(l + (k + 2)l)h)- n }} 

jL /v - (1 + (k + 2)m)h\P a+p P +p '< 
X ii ^ v - (-l(fc + 2)m)h > 

x exp{ J2 E -(«« + Pn + ln)[{v - (-l(fc + 2)m)ft)- n 

-(v-(l + (A; + 2)m)/i)- n ]} : 

[S(M)[L, M], J P / 3 + P 7 ]=0. 



m=0 n>0 n 



In addition, in the limit L, M — > oo ; 
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h-{u)S{v) = S{v)h~{u) ~0, 
f(u)S(v) = S(v)f(u) 



x(,-2^)i(^)nr~ (2 + (fe tf fc 2 ~ 



z=i 

x eX p{x: e + 7»)K« - (* + mr n 

1=1 n>0 Kn 

-(v-(2 + {k + 2)l)h)- n ]} 
£L ( v - (2 + (k + 2)m)h\P a +Pp+P 1 



m=0 



; - (k + 2)mft 
ex p{ E E ~K + Pn + ln)[{v - (k + 2)mft)" n 

m=On>0 ' fc 

-(t;-(2 + (A; + 2)m)^)- n ]}) 

where S(u) = lim L , m^oo S^Il.a/]- 

Therefore the screening charge Q = § ^*S'(^)[l, m] commutes with all the currents in VY(sl 2 ) and 
Q + in the limit L, M — ^ oo. The charge 5 yields a linear map 5* : T\ —>■ T\-2- 

We have constructed a free field representation of the level-/c Drinfeld currents for the Yangian 
double VY(sl 2 ) and screening operators. As a result, we have obtained a deformation of the level-/c 
Feigin-Fuchs modules. 

A possible application of the results is a calculation of correlation functions in massive integrable 
quantum field theory such as higher spin SU(2) invariant Thirring model and in higher spin XXX 
spin chains. For this purpose, one has to make a precise identification of the space of states with the 
Feigin-Fuchs modules. We hope to discuss these problems in future publication. 
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